Isomorph theory is a promising theory to understand the quasi-universal relationship between thermodynamic, dynamic and structural characteristics of simple fluids.
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This work aims to provide a direct link between the structural characteristics and the transport properties of a system based on the isomorph theory by defining and calculating the Voronoi entropy that reflects the topological diversity of a system.
The dependence of Voronoi entropy on the thermodynamic conditions is interpreted based on the free volume theory. We demonstrate that the Voronoi entropy provides a scaling law for the transport properties of soft-sphere fluids, which provides a good approximation comparable to the frequently used excess entropy scaling. These results suggest that the isomorph theory works as a good approximation to explain the quasi-universality of simple fluids. In addition, we suggest that the Frenkel line, a rigid-nonrigid crossover line, is a topological isomorphic line where the scaling relation qualitatively changes. 
I. INTRODUCTION
The dynamic behavior of particles in liquids and high-pressure supercritical fluids is largely influenced by the relative local configurations of their neighbors. This strong particleparticle correlation implies that the thermodynamic, dynamic, and structural characteristics of dense fluids are intimately linked with each other. Hence, it is no wonder that a considerable amount of studies were devoted to developing the theory of the liquid state 1,2 . One of the wonderful aspects of the liquid state theory is its simplicity based on the hard-sphere paradigm 3 . The hard-sphere paradigm assumes that the repulsive part of interatomic interaction dominates the behavior of the liquid state. Based on the hard-sphere paradigm, the perturbation theory 4, 5 has been advanced to understand the thermodynamic behavior of dense fluid systems based on the pair correlation function and the hard-sphere potential as a reference system 6 .
Liquid state theory has been also used to relate the thermodynamic properties to transport properties. Rosenfeld 7 and Dzugutov 8 proposed the scaling relation that connects the thermodynamic excess entropy (S exc ) and the scaled transport properties of dense fluids.
Rosenfeld discovered that the scaled diffusivities of simple liquids modeled with different interatomic potentials collapse to a single line as a function of the thermodynamic excess entropy. Based on these scaling laws, the two-body excess entropy (S 2 ), which can be directly obtained based on the pair correlation function, has been frequently used when scaling the dynamic properties based on the structural characteristics. The scaling relation provided by S 2 was fairly good for simple fluid models 9 .
In order to understand the relationship between thermodynamics, dynamics and structural characteristics of simple fluid systems in an integrated manner, Dyre and his coworkers proposed the isomorph theory. Isomorph theory is built upon the observation of the hidden scale invariance of Roskilde-simple liquid. The Roskilde-simple (R-simple) liquid is defined as fluid models of which interatomic potential is Euler-homogeneous for a constant a > 0:
Gnan et al. 10 further demonstrated that the following conditional proposition for two systems A and B is exact when an interatomic potential is Euler-homogeneous.
Here, R i is the set of position vectors of the atoms in the system i (R i ≡ (r 1 i , r 2 i , r 3 i , . . . , r N i )) and U(R i ) is the potential energy function. When two systems satisfy the antecedent, they are regarded to be isomorphic to each other. Gnan et al. predicted that isomorphic states of the R-simple fluids have the same excess entropy, reduced transport properties, and scaled pair correlation functions g(r) wherer = ρ 1/3 r is the "reduced" interatomic distance 3 . In subsequent articles, they successfully showed that the isomorph theory works as a "good approximation" to different types of potentials 11 including Lennard-Jones 12 , Yukawa 13 and exponential pair potentials 14 . Some known exceptions, that do not follow the isomorph theory and the excess entropy scaling law, are the potentials with thermodynamic anomalies 15 which cannot be represented as a sum of exponential terms.
Despite this success of the isomorph theory, it should be noted that a direct connection between the structural definition of isomorphic states and the dynamics scaling was not given yet. Unlike crystalline systems, it is not easy to discover two liquid configurations that exactly satisfy the antecedent of Eqn. (2) . A pair correlation function, g(r), has been frequently used as an indicator of the antecedent, but we cannot extract details of the local configuration from the pair correlation function. Moreover, the two-body excess entropy directly calculated from the pair correlation function cannot work as a robust parameter because it is 80 -90 % of the total excess entropy, and its proportion varies depending on thermodynamic conditions [16] [17] [18] [19] [20] .
By examining the definition of the isomorph, we realize that the scale invariance hypothesized in Eqn. (2) can be directly extended to atomic-level. Let ξ j i be a position vector of the neighbor atom j relative to the atom i (ξ j i = r j − r i ), and Ξ i ≡ (ξ 1 i , ξ 2 i , · · · , ξ N i ) a set of position vectors. Then, two local configurations of particles a and b are isomorphic to each other if the following condition is satisfied.
where ρ i,l the local density of the atom i. Based on this parallelism between the isomorph theory and the topological framework, this work aims to build a direct connection between structural characteristics and transport properties. We first define the Voronoi entropy based on the topological types observed in the system. Next, we demonstrate that the Voronoi entropy can be used to rescale the transport properties. Simultaneously, by comparing the scaling results from the thermodynamic excess entropy and the Shannon entropy, we test the isomorph theory by applying it to the repulsive n − 6 potential. Lastly, we show that the Frenkel line, a rigid-nonrigid transition line, can be regarded as a limit of the exponential scaling relation.
II. METHODS

A. Molecular Dynamics (MD) simulations
We perform the time-driven NVT simulations 24 of the soft-sphere fluids of which the interatomic potentials are modeled with the repulsive n − 6 potential. The repulsive n − 6 potential is given as follows.
Here, φ M (r) is the Mie n-6 potential, which is given in Eqn. (5) .
where the coefficient C n is given as:
The potential is shifted and truncated at r cut = (n/6) 1/(n−6) σ. The size parameter σ of argon is used for all potentials (σ = 3.405Å). The energy parameter ǫ is changed so that the coefficient C n ǫ becomes equal to that of the LJ potential (C n ǫ = 4ǫ Ar ) where ǫ Ar is the energy parameter of argon (ǫ Ar /k B = 119.8K). The simulation temperatures are T = 318.29, 636.57, 954.86, 1273.1 and 1591.4 K. The repulsive exponents are n = 8 − 24. For all simulations, the timestep is 2 fs. To obtain the trajectories for calculating the Shannon entropy, and the thermodynamic and transport properties, the systems are equilibrated for 100,000 steps. The details of the production run are given in the following subsections.
B. Topological framework for local structure analysis
The topological framework for local structure analysis proposed by Lazar et al. 23 describes the arrangement of neighbors surrounding a central particle via the Voronoi tessellation, the partitioning of space into regions which consist of all points closer to a central particle than to any other. The connectivity information of faces wrapping around a Voronoi cell can be encoded as a series of the integers called the Weinberg vector 25 . Hence, the Weinberg vector can be viewed as a 'name' of the topological type of a Voronoi cell. We use VoroTop library 26 to gather the statistical data of the topological types discovered in configurations. 29 They proposed that the Frenkel line of the hard-sphere fluid corresponds to the crossover density at which the transport properties show a qualitatively different dependence on the bulk density 30 . In our last work, we demonstrated that this conjecture is quite reasonable based on the topological framework 31 and the two-phase thermodynamics (2PT) model 32 . In addition, we recently found that the percolation behavior of solid-like structures of different repulsive n − 6 fluids collapses to a single line when the fraction of solid-like molecules (Π solid ) was used as an order parameter 33 . Hence, we validate this idea that the Frenkel line may be a good candidate to demarcate the fluid region depending on the behavior of the transport properties as proposed by Rosenfeld et al.
C. Characterization of the Frenkel line
To locate the dynamic crossover conditions, we use the topological classification method proposed in our earlier works 31, 33 . In this method, the topological types of two dynamic limits of the fluid phase including the ideal gas and the maximally random jammed state are used to classify a molecule as either gas-like (diffusive) or solid-like (oscillatory). If a topological type of an atom discovered in a configuration has a higher likelihood to be observed in ideal gas, it is gas-like. Otherwise, it is solid-like. A weighted mean-field approximation is additionally applied to this initial classification result to remove the influence of fluctuation.
From the finite-size scaling analysis on percolation behaviors, we showed that the Frenkel line can be defined as the thermodynamic states where the fraction of solid-like molecules (Π solid ) becomes 0.1159 ± 0.0081 31 . In this work, we apply the same procedure and the percolation criterion to determine the Frenkel line of the soft-sphere fluids (see Yoon et al. 31, 33 for further details of the algorithm).
D. Voronoi entropy
As stated in the Introduction, the isomorph theory in conjunction with the topological framework predicts that two states are isomorphic to each other if their categorical distributions of the topological types are the same. The diversity of the categorical distributions can be measured using the Shannon entropy [34] [35] [36] . The Shannon entropy (H) is obtained as:
where p i is the probability of finding a topological type i in the system. The term Voronoi entropy was introduced by Peng, Li and Wang 37 by applying Eqn. (7) to the distribution of the Voronoi types, which were classified based on their Voronoi indices. In this work, in contrast, we classify the Voronoi cells based on the Weinberg vectors, a more refined descriptor than the Voronoi indices.
When the probability that an event i occurs (p i ) is known for all events, we can directly measure the Shannon entropy of a system. In real-world problems, however, p i is only estimated based on observation of the limited samples drawn from the population. The Shannon entropy calculated based on this limited observation can be heavily biased by rare events. For the systems of which the number of events is infinite (unbounded), therefore, the Shannon entropy is exactly calculated only when an infinite data or an exact mathematical expression for all the p i 's are given. For ideal gas, the number of topological types is infinite since the point particles can be randomly distributed in a system. Hence, we cannot calculate the Voronoi entropy of the ideal gas system by applying the Eqn. (7) directly.
There To validate the algorithm, we first apply the Unseen estimator to ideal gas systems and compareĤ to H. We then build the following procedure to estimate the Voronoi entropy of a system based on the ideal gas results (see the Results and Discussion for the details).
First, we perform five independent simulations for each condition and obtain 500 trajectories from each simulation. The number of molecules is 2,000. Second, we randomly select 300 trajectories of 2,500 configurations eight times and apply the Unseen algorithm to each set of the trajectories. The estimated entropy data are averaged to obtainĤ.
E. Thermodynamic excess entropy
The integration method of Deiters and Hoheisel 41 is used to calculate the thermodynamic excess entropy. In this method, the excess Gibbs free energy per particle (G exc ) is calculated as:
where Z is the compressibility factor (Z≡pV /RT ). Deiters-Hoheisel method constructs a function Z(ρ) by fitting the compressibility factors obtained from a series of NVT simulations with a smoothing spline curve. (Z − 1)/ρ at the zero density converges to the second virial coefficient B 2 , which is computed as:
where φ(r) is the interatomic potential. The equilibrium pressure and internal energy data are averaged every step during the production run (5,000,000 steps). The number of molecules is 2,000. Then, we use the trapezoidal rule to integrate the smoothing spline fitting function to evaluate the excess Gibbs energy per particle. The excess entropy is then obtained as:
where H exc is the excess enthalpy per particle, which is defined as H exc = H − H ig . The ideal gas enthalpy (H ig ) is given as H ig = (5/2)k B T .
F. Calculation of transport properties
The transport properties of the soft-sphere fluids are computed as follows. The diffusivity is estimated based on the vibrational density of states Ψ defined as 42 :
where ψ k j (ν) is the spectral density of atom j in the k direction and m j is the mass of atom j. The spectral density is the square of the Fourier transform of the velocity.
Here, v k j (t) is the k th component of the velocity vector of the j th atom at time t. The diffusivity (D) of a system is then obtained from the intensity of Ψ(ν) at zero frequency as follows.
The shear viscosity of a system is estimated by integrating the Green-Kubo integral 43, 44 .
where P αβ (t) (α, β = x, y, and z) is the off-diagonal elements of the pressure tensor, which is given as:
Here, r α j is the α th component of the position vector r of the j th atom and f β j is the β th component of the force vector f exerted to the j th atom.
Unfortunately, calculating η using the Green-Kubo integral is difficult due to the low signal-to-noise ratio; the stress autocorrelation function given in Eqn. (14) does not smoothly converge to zero. Hence, we combine the methods proposed by Nevins 45 and Zhang 46 as follows. We perform ten independent NVT simulations with different initial configurations and initial velocities for each thermodynamic condition. The timestep is equal to the equillibration run (2 fs), and the simulation duration is 2 ns. The stress autocorrelation functions obtained from independent simulations are averaged and truncated at the cutoff time (t cut ) at which the absolute magnitude of the stress autocorrelation function decreases under its initial value by a factor of 10 −3 . Then, a two-term exponential function is fitted to the truncated stress autocorrelation function. The viscosity is calculated by integrating the fitted stress autocorrelation function.
III. RESULTS AND DISCUSSION
A. Voronoi entropy of the ideal gas
We first estimate the Voronoi entropy of ideal gas to determine the number of samples and trials for the soft-sphere models. Fig. 1 comparesĤ and H of randomly. As shown in Fig. 1a , H ig slowly increases as the sampled number of configurations (molecules) increases. When the sample size (N s ) is larger than 30,000,000, H ig does not vary significantly. On the contrary, the Voronoi entropy estimated from the Unseen becomes similar toĤ ig ∼ 14.00 when the sample size is larger than 1,000,000 (Fig. 1b) . The order of the magnitude of the sample size to obtainĤ ig similar to H ig agrees with that proposed by Valiant and Valiant (30,000,000/ log(30,000,000)∼O(10 6 )). Since the population of the topological types of the ideal gas system is larger than those of any other systems, O(10 2 ) trajectories of N = 2,000 molecules are enough to estimate the Voronoi entropy at all thermodynamic conditions studied in this work.
B. Voronoi entropy of repulsive n-6 fluids H slowly decreases in the low-density region, but |dĤ/dρ| increases as the density increases; it shows the power-law dependence on the density (Eqn. (16) ).
where a(< 0), b, and c are fitting parameters. The power-law equations fitted to different isotherms converge toĤ ∼ 14.0 as the density decreases, which agrees with the Voronoi entropy of ideal gas. The power-law equation indicates that the Voronoi entropy of a system decreases as the density approaches the freezing density. The decrease of the Voronoi entropy can be understood based on the free volume theory 28,31 . As the system density increases, the distances between neighbor atoms surrounding the central atom become shorter. When they are so close that they hinder each others' diffusive motions, the number of ways to place neighbors around the central atom without an increase of the potential energy decreases.
As a result, the Voronoi entropy drastically decreases when the bulk density is high. A large discrepancy between H andĤ in the low-density region reflects this phenomenon. Since the set of possible topological types are drastically large and cannot be sufficiently sampled in low-density systems, H of the low-density fluid is much lower thanĤ, whereas that of the high-density fluid is similar toĤ. 
Both the Voronoi entropy and the fraction of solid-like molecules at different isotherms become close to each other when the repulsive exponent increases. They become close to each other and ultimately collapse to a single line when the repulsive exponent (n) is infinite 33 .
Since both Voronoi entropy and the fraction of solid-like molecules are defined from the topological types of the Voronoi cells, it can be expected that both parameters are deeply related. Fig. 4 shows that a one-to-one correspondence relation exists betweenĤ and Π solid .
This one-to-one correspondence relation has two implications. First, it substantiates that 
C. Isomorph theory based on the Voronoi entropy
We use the Rosenfeld scaling law to check whether our thermodynamic and dynamic calculation results are consistent with previous works. Fig. 5 shows that the Rosenfeld diffusivity (D) and viscosity (η) of all simple fluids modeled with repulsive n-6 potential collapse to single lines. They are defined as:
Both collapsing lines show a similar dependence on −S exc observed by previous works 7, 9, 17, 19 .
D curve steeply decreases as −S exc increases to a certain extent. It shows an exponential dependence on −S exc when S exc decreases.η shows more complex dependence on −S exc . It decreases to its minimum in the middle-density region, and increases as −S exc increases. itatively changes. WhenĤ is greater than the topological crossover diversity,D shows a power-law dependence onĤ. As the density increases,Ĥ drastically decreases and exponential decay ofD is observed.η also shows an exponential dependence on −Ĥ whenĤ is lower than the topological crossover diversity. All these results support that the Frenkel line, a rigid-nonrigid transition line, is a good candidate that demarcates the fluid region considering the collective particle dynamics.
Meanwhile, it should be noted that the scaling results fromĤ show a slight but systematic discrepancy compared to those from −S exc . For the same repulsive n−6 models, bothD and η curves from different temperatures are completely consistent with each other. In contrast, the extent of the data collapse is low for different repulsive exponents. Especially, the lines of repulsive 8 − 6 model are farthest from those of the other n − 6 models. Fig. 7 shows the parity plot of −S exc and −Ĥ. Regardless of the repulsive exponents, −S exc and −Ĥ have a linear relation. This linearity supports the classical idea that the Shannon entropy is theoretically equivalent to the thermodynamic entropy 48, 49 . Hence, the systematic discrepancy observed in the Voronoi entropy scaling results would come from the limit of isomorph theory. Note that the repulsive n − 6 potential is not a member of the scale-invariant interatomic model; it is not Euler-homogeneous. The influence of the (σ/r) 6 term in Eqn. (5) on the interatomic potential decreases as the repulsive exponent n increases. As a result, the slight but noticeable disagreement diminishes as the repulsive exponent increases.
IV. CONCLUSION
This work demonstrates that the isomorph theory can be extended to the molecular level in conjunction with the topological framework. In this framework, two systems are regarded to be isomorphic if the Voronoi entropy defined from the Shannon entropy is equal. The 
